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JORDAN ALGEBRAS WITH MINIMUM CONDITION()

BY
DAVID L. MORGAN(?)

Abstract. Let J be a Jordan algebra with minimum condition on quadratic ideals
over a field of characteristic not 2. We construct a maximal nil ideal R of J such that
J/R is a direct sum of a finite number of ideals each of which is a simple Jordan
algebra. R must have finite dimension if it is nilpotent and this is shown to be the case
whenever J has ‘“‘enough’ connected primitive orthogonal idempotents.

Introduction. The first four sections of this paper deal with the construction of
a maximal nil ideal for a Jordan algebra J with minimum condition on quadratic
ideals over a field F of characteristic not 2. We call this ideal, R, the radical of J
and show that J/R is semisimple in the sense of Jacobson [2].

We construct R by “building up” through the Peirce decomposition of J
relative to a finite collection of primitive orthogonal idempotents. In order to
facilitate computations, much of the construction is carried out under the assump-
tion that J has an identity element. However, once R is constructed we show that
this assumption is not really necessary.

In the last section we deal with questions of the nilpotence of R and use the
Coordinatization Theorem as our basic tool. We show that R is nilpotent if J has
enough connected primitive orthogonal idempotents. Also if R is nilpotent, then
it must be finite dimensional.

1. Preliminaries. In this paper an algebra will be an algebra over a field F of
characteristic not 2, which is not necessarily associative or of finite dimension.
J will always denote a commutative Jordan algebra. In order to make this paper
self-contained we now recall some definitions and results from [2]. If xeJ, U,
denotes the linear operator 2RZ— R,z on J, and if x, y, z € J then {xyz} will denote
the trilinear product xy-z+yz-x—xz-y.

Uz = Uy, uU, = U,Uyy,, zUyyy = 22U+ 2zU, +2{xzy}.

An element 0#b € J is called an absolute zero divisor of J if and only if JU,=0.
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A subspace Q of J is a quadratic ideal if and only if JU,< Q for all x € Q.

If e is an idempotent of J, then the quadratic ideal JU, is the Peirce space J,(e).
Also any quadratic ideal (absolute zero divisor) of J;(e) or Jy(e) is also a quadratic
ideal (absolute zero divisor) of J.

If J has an identity element 1, then an element x € J is invertible if and only if
U? is invertible for any positive integer n. Also if 1 € J, then every quadratic ideal
of J is also a subalgebra of J.

Finally, any homomorph of a quadratic ideal in J is a quadratic ideal of the
homomorph of J.

LEMMA 1.1. Let A be a nonzero quadratic ideal of J. If there exists an element
a € A such that A=AU,, then A contains an idempotent.

Proof. Since A= AU, there is ¢ € 4, such that a=cU,. So U,=U,U,U,.If ze A
we can find we 4 with z=wU,=wU,U.U,=zU_,U,, hence U.U, is the identity
map on A. In particular ¢=cU,U,=c®U,. But then z=zU,\U,=2zU;, U,=
zU,U3U2=zU,U,. Therefore U,U.=U,U, on A.

Iff=a2Uc, then zU;=2zU,2y,=2zU.U%U,=z. So U, is the identity map on A.
Hence f=fU,=f3. So g=f2=(a%?U,)?=c2U2ZU, is a nonzero idempotent of A.

We will use a special case of the following result in §3.

LEMMA 1.2. Suppose J has an identity element 1 and that b=>b,+b,,+ b, is the
decomposition of an absolute zero divisor b of J relative to an idempotent e. Then b,
and b, are absolute zero divisors of J.

Proof. Since b, € J;(1 —e) all we need show is that b, € J,(e) is an absolute zero
divisor of J. 0=1U,=5b2=0b%+ [b3,], +2(b, + bo)b,o+bE + [b%,)y so 0=bZ+[bi,],
=(by+bo)b1a=bF + [b3:]o.

If x, € J,(e) then
0= xlUb = 2x1b~b—x1b2 = 2x1b'b = 2[x1(b1+b12+bo)](b1+b12+bo)

= 2x1b1 b1+ 2[x1b12b1o]i + 2[Xx1D15- by + X1b1 - big + X1b15- Xol12 + 2[X1D12 b12)o.
But then x;b,-b,= —[x1b,5-b;,]; for all x, €J,(e). In particular eb,-b, =bi=
—[ebya-by5]y = —3[b3,]:. So we have that b2=0. Using the Jordan identity we get

0 = (e, byg, X1b12) + (X1, D12, €b12) + (D12, byg, Xx1€)
= 3x1b15-b1o—[X1b15-b1o)y +3X1b12-bra —3x,b3 5+ X1bF2 — X1b12- by o
= —[x1b12-b12)s-

Therefore x,U,, =2x,b,-b;—x,b3=0 and b, is an absolute zero divisor of J,(e)
hence also of J.

Henceforth, all Jordan algebras under consideration in this paper are assumed to
have minimum condition on quadratic ideals. Such Jordan algebras equivalently have
descending chain condition on quadratic idéals.

THEOREM 1.3. J is nil or J contains an idempotent.
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Proof. Let x € J and consider the descending chain of quadratic ideals Jo>JU,
>JU,2> - --. By assumption there must be a positive integer n so that JU,»=
JU+x for k=1,2,.... Hence JU»=0 or JU,» is a quadratic ideal satisfying the
hypothesis of Lemma 1.1. So either x is nilpotent or JU,», and hence J, will contain
an idempotent.

LeMMA 1.4. If e is an idempotent of J then Ji(€) contains a primitive idempotent
of J.

Proof. Clearly Ji(e¢) has minimum condition on quadratic ideals since every
quadratic ideal of Jy(e) is also a quadratic ideal of J. Let Q=JU,=J,(f), f?=
f€Ji(e), be a minimal quadratic ideal of J;(e) determined by idempotents of J,(e).
If fis not primitive, then Q contains an idempotent f; #fand clearly JU,, SJU,= Q,
which is contrary to the choice of Q.

THEOREM 1.5. If J is not nil, then J contains a principal idempotent u where
u=77_, e; where the e; are primitive orthogonal idempotents of J.

Proof. Since J is not nil we know that J contains an idempotent e; which by

Lemma 1.3 can be assumed to be primitive. Suppose that ey, e,, . . ., e, are primitive
orthogonal idempotents of J. If Jy(e, + - - - + &) contains an idempotent it contains
a primitive one, e,,;, hence e, e,,..., e, €., are primitive orthogonal idem-

potents of J. One easily sees, however, that
Jo(er) = Jo(er+ex) @ - -2 Joler+ea+ -+ - +e541)

is a properly descending chain of quadratic ideals. Therefore this chain must come
to an end after a finite number of steps, say n. So we let u=>7_, ¢, and clearly u
is principal since Jo(u) contains no idempotents.

COROLLARY 1.6. If J has an identity element 1 then 1=}, e,, where the e, are
primitive orthogonal idempotents.

If J does not have an identity element then we may imbed J in J'=F1 @ J in
the usual way. We now prove

THEOREM 1.7. J'=F1 @ J also has minimum condition on quadratic ideals.

Proof. Let 0,2 0,>---20Q,> be a properly descending chain of quadratic
ideals of J'. We consider the descending chain of quadratic ideals

anJ: QzﬁJD...D anJ:...

of J. Without loss of generality we may assume that Q; N J=Q, N J and that
0,, Q2¢J. Since @, 2 Q,, we know that thereisanelementaeJ so that1 +ae 0,\Q,
and since Q,¢J there is an element b € J so that 1+5b € Q,. But then (1+a)(1+5)
=14a+b+abe Q,, hence b+ab, a+abe Q, NJ=Q, N J>Q,. But this implies
that 1+a € Q,, a contradiction. So with the possible exception of Q,, our chain is
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in J; hence it has finite length and therefore J’' has minimum condition on quadratic
ideals.

2. J contains only one idempotent. Throughout this section we assume that
1 €J and that 1 is the only idempotent of J. We show that every element in J is
either invertible or nilpotent and that the nilpotent elements form an ideal.

THEOREM 2.1. Every element of J is either invertible or nilpotent.

Proof. By the proof of Theorem 1.3 we see that if x € J is not nilpotent then JU,
must contain an idempotent which must be 1. Hence x is invertible.

THEOREM 2.2. J has nilpotent elements if and only if J has absolute zero divisors.

Proof. If J has absolute zero divisors then clearly J has nilpotent elements.

If J has no absolute zero divisors then by Theorem 2 of [2], J is either division or
J contains an idempotent different from the identity. By our hypothesis, J must be
division, hence contains no nilpotent elements.

We now let N be the collection of all nilpotent elements of J and we define

K={xeJ|x+N< N}.
LeEMMA 2.3. K< N, K is a subspace of J, and K+#{0} whenever N #{0}.

Proof. Clearly K is a subspace of J contained in N. By the previous lemma we
know that if N#{0}, J contains an absolute zero divisor b. If n € N we know there
is a positive integer k > 1 so that n*=0 and n*~1#0. Now

WUy s = nE= Uy 152U, +2bn* =0} = 2[bn*~*-n—bn-n*~1] = 0

since R,»R,«=R,«R,» in any Jordan algebra. Hence U, ., is not invertible so b+n
is not invertible, so by Theorem 2.1, b+# is nilpotent and b € K.

LemMA 2.4. [f s €J is invertible then NU;< N.

Proof. Since s is invertible we have that JU,=JU;'=J. If ne N and J=JU,y,
then J=JU,U,U,=JU,U,. Therefore J=JU, and n is invertible a contradiction.
So nU; € N.

LEMMA 2.5. If s € J is invertible then KU,< K.

Proof. Let k € K and n e N. Since s is invertible, U; is invertible and so there
exists me N such that mU,=n. Therefore n+kU,=mU,+kU,=(m+k)U,<N,
hence kU, € K.

LEMMA 2.6. K is a nil ideal of J.

Proof. Let k € K and suppose first that x € Jis invertible. If 1 + x is also invertible
then kU, ,=k+kU,+2{lkx} € K and so kxe K. If 1 +x € N then 1+(1+x) is
invertible so again kU, , +x=kU,+kU.;+2{2kx} € K. But this also implies that
kx € K. Hence if x € J is invertible Kx< K.
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If x € N, then 1+x is invertible, hence k(1+x)=k+kx € K so again kx<K.
But then KJ< K and K< N, so K is a nil ideal of J.

THEOREM 2.7. N is an ideal of J.

Proof. If N+{0} then K+#{0} is a nil ideal of J. Let M be a maximal nil ideal of J.
Since homomorphic images of invertible (nilpotent) elements are invertible (nil-
potent) in the homomorph, we see that the identity of J/M is the only idempotent
of J/M, and so J/M satisfies the same conditions as J does. If M# N, then J/M
contains nilpotent elements and therefore has a nontrivial nil ideal. But this is a
contradiction to the choice of M, and hence N= M is a nil ideal of J.

COROLLARY 2.8. J/N is a division algebra.

3. Peirce decomposition relative to two primitive orthogonal idempotents. In the
Peirce decomposition Jy;, +J;2+J5; of J relative to two primitive orthogonal
idempotents e; and e,, it is clear that both J,, and J,, have the minimum condition
on quadratic ideals and the only idempotents of J;; and J,, are their respective
identity elements e; and e,. So the collection, N;, of nilpotent elements of J;; is an
ideal of J;; for i=1, 2. We show in this section that N, +(N; + Ny)J15+ N, is a nil
ideal of J. The proof is by a series of computational lemmas, so throughout this
section we assume that n, € N;, all letters or expressions with subscripts 12 and i
are assumed to be elements of J;, and Jj; respectively, i=1, 2.

Lemma 3.1. J, U, ,<J,;, i, j=1, 2; i#j.
Proof. 0=(xi, y12, 12€) + V12, V12> Xi€;) + (€, Y12, Y12X)) =Xi V12 V12— [Xi V12" V12]s
—3x,¥%5. Hence x,U,,,=2X, 12" V12— Xi- Y32 =2[Xi Y12 V12); € Jjj.

LEMMA 3.2. xf'§+1=2x12([x%2],)k, i= 1, 2; k=’ 1, 2, e

Proof. x,,-e;x2;=x,,e;-x2,. Hence x,5[x%,];=31x%,, and we have 2x,,[x%,];=x3,.
If X351 =2x15([x%]f %) then x§§+1=x35~"x3,=2(x1o[xFolf ~Hxfs = 20015([x3:10).-
By induction we have our lemma.

COROLLARY 3.3. Every element in J., is either invertible or nilpotent.

Proof. This follows easily from the preceding lemma since x3, € J;; +J,.
LemMA 3.4. [(n,y12)%); € N, and hence n,y,, is nilpotent for i=1, 2.

Proof.

0 = 2(n;, y12, MiY12)+ (Y12, V12,17) = 2(1:y12)° = 21,(1; 13- Y12) + YoM — NEY12° Yra-

But N; is an ideal of J;; and so [(n;y15)%]; € N; if and only if [n2y:5-yi2]i € Ny
But [myi5-yi2)i=3my3%; for any n,eN, by the proof of Lemma 3.1, and so
[(my12)%) € N, )

LEMMA 3.5. NiYi12°-YV12 € N1+N2, i= 1, 2.
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Proof. First suppose that y,, is invertible. If n,U,,, is invertible in J;; then
Jiy = J;Un = J;Uy,Un Uy, < JuUn Uy, = NUy,, < Jyy

and so J;;=N,U,,,. ThenJ,,U, ,=N;U; ,=N,Uz,<N,. But then ¢;U,z2,=[y{:)i € N,
and thus y;, is nilpotent, a contradiction. So mU,,,=2[n;y12-y12]; € N; and thus
nyi2-Y12 € Ny +N,.

If y;5 is nilpotent then (n,y12+412)°=My12)*+2m Y12 Y12+ Yia=(my12)* +
2[my1z- Y12l +2[my10- yioly+ [yEa]i+ [¥1a] But [(my12)%), [my12:yi2ls [yia] are
all elements of N, so n;y,5+ ;. is nilpotent and n;y,5-y15 € N; + N,.

iUyi2

LEMMA 3’6' (a) [niy12'212]l € N!a i9j= 13 2a i?&j;
(b) [my12-z10)i+ [miz12-y12)i € Ny

Proof. Linearizing the result in Lemma 3.5 we see that n;y,5- 2,0 +m215° y12 € N,
+ N and clearly (b) holds.

0 = (m, Y12, y12€1) + (€1, Y12, MZ12) +(212, Y12, Mi€:)
= }(z12, Y12, M) + (€5 Y12, MiZ12)
= I y1aZ1a— I p12-Z1a H Iz12 - yia — (212 Yol
Multiplying through by e, we see that [n;y15-215];=[n212- ¥12]; and hence
[my12-212]; € N;.
LEMMA 3.7. myy15-215 € Ny + Ny, i=1,2.
Proof. We have already shown that [n;y,5-2;,]; € N; so we will now show that
[ y12- 212} € N, by looking at ([m,y12°212]:)* = [(m Y12 212)° -
0 = 2(m;y12, Z12, MiY12°Z12) + (212, Z12, (M Y12)*)
= 2(My12°212)* — 20 Y1) (M Y12 212)212) + (212, Z12, (M12)?)-

By Lemmas 3.4 and 3.5 (212, 212, (1:12)?) € N1+ N, 50 [(n,y12°212)%]; € Ny if and
only if [(m,y12)((1:y12-212)212)); € N . If we now let wia=ny1,,

0 = 2(z15, €, W12Z12) + (W13, €, 235)
= [W12210)1210— [W12Z12)i212 — IWralzda)i +3wialzEs);
And 50 [W;2212)i212 = [W12212);212 — 3W1a[232)i +3wia[23:],. Hence
[W1a(W12212° 212) )i = [W12(212[W1a2Z12)i +212[W12215]) ]
= [W1a(z12[W12Z12] )i + 3 W12 wialzda) i — 3[Wia - wialzia]i)i-

Now [Wy2215];=[1Y12- 212];€ Nj, therefore by Lemma 3.6(a), [w12(z12[ W12212])] € Ny
We now consider [w,,-wi5[z3,],) and [wyg- wys[22,])i];. Clearly

Wiz Wiglzdo], = W12(”f)’12'[2%2]1) = le(nt'.}’m[zfz]/) = NiY12-NiX12
with x,,=y15[z2;];. By Lemma 3.4

[M(y12+X12) = (mY12)%+ 20 Y15 miX12+(AiX12)? € N1+ N,
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and so [wyo-wys[z3,];] € Ni. Also [wig- wyo[22,]i]; is in N, since again as in the proof
of Lemma 3.1, [wyq-wy,[22,]i)i=3w%,[2%,); which is in N; because wi, e N,. So
finally we have proven that n;y,5-z10=[1 Y12 215]i + [0 V12 Z12); € N1+ No.

We can now easily prove the following:

THEOREM 3.7. N;+ (N, + Ng)J12+ Ny is a proper nil ideal of J.

Proof. Clearly N=N, +(N,+ Ny)J,2+ N, is a proper ideal of J by using the
well-known multiplication properties of the Peirce subspaces J;; of J, and the fact
that N, is an ideal of J;;.

Using the proof of Theorem 1.3 we see that N is either nil or N contains an
idempotent e=n, +x;,+n,. But then since e?=e we have 1x,,=x,,(n,+n,).
Letting n=n, +n, we see that n and hence R, are nilpotent where xR, =xn. But
clearly then x;,=0 which contradicts e being an idempotent. Hence N is a nil
ideal of J.

We will need the next two lemmas in §4.

LemMA 3.8. Suppose that J,, and J,, are division algebras. Then b,, € J,, is an
absolute zero divisor of J if and only if by3J,5=0.

Proof. 0=2(y13, b13, Y13b12)+(b12, b1z, ¥32)=2(b12¥12)> —2(P12b12-b12)y12+
biayia—yisb12-b1a=2(b12y12)% But bipyip€Jii+Jy; and so bypy;,=0, ie.
b12J12=0-

If ¢12J12=0, then xU,,=2xc15-C10—Xc33=2(x;+ X152+ X3)C15° C10=2X1C15" C12
+2X19€15-C1a+ X3C12-€12=0. Since x,c,5 €J12, i=1, 2. So c;5 is an absolute zero
divisor of J.

LeEMMA 3.9. If both Jy, and J,, are division algebras, then the collection By, of
absolute zero divisors of J is an ideal of J.

Proof. By the previous lemma it is clear that B, is a subspace of Jy,. If x, € Jj;,
i=1,2 and by, € Byy, then 0=(xy, b1y, y12€) + (Y12, D12, €)X)) +(€), b1g, y12X1) =
1x;012- y12- Hence xib,, € By, and J;B,,< B, which implies that B, is an ideal of J.

4. The Peirce decomposition in general, If J is not nil, we recall that J must
contain a principal idempotent # which is the sum of finite number of primitive
orthogonal idempotents e, . . ., e,. We show that the N;={x € J;; | x is nilpotent}
generate an ideal N so that the Peirce one spaces in J/N are division algebras. If
J/N has absolute zero divisors then we show there is a nil ideal R of J with N R,
such that J/R has no absolute zero divisors, and J/R is semisimple.

LeMMA 4.1. If N, is the collection of nilpotent elements of J,;, in the Peirce decom-
position of J then

(1) NiJyyJy<Ni+ Ny, NiJyy-Jy< NiJy, NiJyy-J ;< NiJyg;

(2) NJyy- I <NiJy, 1, j, k#;

(3) NJy-JuS Ny Jyy, 1, j, k#;

@) (NiJiy Ty = NiJy, i, ), k#;
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(5) (NiJi; Ju) e < Njs+ Niw, 3, s k#
6) (NiJi;-Ju) < Nidiy-Jies 1, J, k# 5
(7N Ny Ty <= NJ - T, i,y k, 1.

Using this lemma we easily prove

THEOREM 4.2. If J=27<;_1 Ji; is the Peirce decomposition of J relative to the
primitive orthogonal idempotents e,, . . ., e,, where 1=37_, e; and Ny={x e J; | x is
nilpotent}, then N=3 N;+> NJi;+ 2 NiJi;-Ji is a proper ideal of J.

If we let g, be the restriction of the natural homomorphism ¢: J — J/N to J;; we set
that ¢;: J;; — J;;/ N, and so ¢,(J;;) is a division algebra. J/N may have absolute zero
divisors. However, they are easily handled by the following lemma and theorem.

LeMMA 4.3. If J=3 J;; is the Peirce decomposition of J relative to the orthogonal
idempotents e, . .., e,, where 1=3 e is the identity element of J, and if Jy; is a
division algebra for i=1, 2, . . ., n then if b is an absolute zero divisor of J, b=, b;;
where each b;; € J; is an absolute zero divisor of J.

Proof. Let b=b,+b,,+b, be the decomposition of b relative to e;. Then by
Lemma 1.2, b, is an absolute zero divisor of J;; and so b, =0. Hence b=3,.; b;;.
If f=e,+e,, and if b=c, +¢,5+ ¢, is the decomposition of b relative to f we know
that ¢, is an absolute zero divisor of J, ¢, € J,(f)=J;;+J;;+J;;. But the only com-
ponent of b in J;; +Ji;+Jy; is by; so b;=c; is an absolute zero divisor of J.

THEOREM 4.4. If J,; is a division algebra for i=1, . . ., n in the Peirce decomposition
of J relative to the orthogonal idempotents e, . . ., e, with 1 =2 e;, then

(1) Ao=2i<; By, is an ideal of J where B;;={x € J;; | xJ;;=0},

(2) J/A, has no absolute zero divisors.

Proof. We will show that by, € B;, where b;; € B;; and y;, € J;,.. By Lemma 3.8,
by, is an absolute zero divisor of J, s0 0=2(y,x, by, Yjxbi;) + (bijs bigs Y3e) =2(bi; ¥ 1),
also 0=(yx, by, xu€) + (e, bijs VX)) + (Xikes bigy Y€ =3(bis Vi X — bysXuse* Y1) 80
bi; Y- Xie=by;Xyi.- V1. By comparing components we see that by, v, - X = [b1; V- XixcJxe-
If we let z;,=b;;y;, then z% =0 and zy.x;, = [ZyXick € Jik-

0 = 2(zi, €k, XiuZie) + Xk €xs 28) = Zie XunZue — [2ZucXiclicZie = — ZueXie* Zuier
So xy U, ,=0.1f x;; € J;, then x, U, , = Wiy € Je. But wiy=(xU,,)* =23 U, U, =0.
But Jy, is division, hence wy,=0. So J,;U,, =0. In the same way J,. U, =0, and so
zy=b;;y,. is an absolute zero divisor of Jy+Jy +Jy.. Hence B;;J;.<By, and
Ao=72,<; By; is a proper ideal of J.

Let o;; be the restriction of the natural map J — J/ A, to Ji(e;+e;) =J;; +J;;+ ;5.
So «;;: Ji(e;+e;) — Ji(e;+ 2,)/By;. Clearly «(J;;) and «;;(J;;) are division algebras
so if o;(Jy(e;+e;)) contains an absolute zero divisor ¢;;+ By;, we must have that
(¢ij+ Bi)(Ji;+ Bi) = ci;Ji;< By;. But then ¢;;J;;=0 and c; € By; and o, (J1(e; +ey))
cannot contain any absolute zero divisors. So by Lemma 4.3 J/A4, contains no
absolute zero divisors.
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COROLLARY 4.5. The ideal A, in Theorem 4.3 is finite dimensional.

Proof. A,=>,., B;; and every element of Bj; is an absolute zero divisor of J.
Hence every subspace of B;; is a quadratic ideal of J, and so B;; has finite dimension
i,j=1,2,...,n,i<j. Therefore A, has finite dimension.

THEOREM 4.6. Let J have identity element 1. Then there exists an ideal R of J
so that

(1) R is a maximal nil ideal of J,

(2) J/R has no absolute zero divisors,

(3) J/R is the direct sum of a finite number of ideals which are simple Jordan
algebras.

Proof. Let S be any ideal of J such that J/S has no absolute zero divisors. Then
the ideal N of Theorem 4.2 must be contained in S, since if not, J/.S would contain
absolute zero divisors.

J/N clearly satisfies the hypothesis of Theorem 4.4, so if J=J/N contains any
absolute zero divisors it has an ideal 4, such that J/4, contains no absolute zero
divisors. Let R be the complete inverse image Ao+ N of A, under the mapping
J — J/N. Clearly R<S. Now J/R satisfies axioms (i), (ii), and (iii) of [2] and hence
is a direct sum of ideals which are simple Jordan algebras also satisfying axioms
(i), (ii), and (iii). If R#S then S must contain an idempotent. If S contains no
idempotents then S=R. Hence R is a nil ideal (again by the proof of Theorem 1.3)
which is clearly maximal.

DEerFINITION. The ideal R is called the radical of J.

We now will consider the situation in which J does not contain an identity
element.

THEOREM 4.7. If J is not nil, then there exists an ideal R of J such that

(1) R is a maximal nil ideal,

(2) J/R has no absolute zero divisors,

(3) J/Ris thedirect sum of afinite number of ideals which are simple Jordan algebras,
(4) J/R has an identity element.

Proof. By Theorem 1.5 we know that J contains a principal idempotent u=>7_, e,
where the e; are primitive orthogonal idempotents of J. So J=J;(u) +J1,5(u) + Jo(1)
and Jy(u) is nil. Let J'=F1 @ J be the algebra obtained by adjoining an identity
element 1 to J. If g=1—u, then we know (see [1]): gu=0, Ji(v)=Js(g)=J.(1),
J12)=Jy5(0); Jo(u)=J1(g)=Jo(u)+ Fg, and clearly g is primitive. If R’ is the
radical of J’, then by the construction of R’ we know that Jy(u)<R'.

Now J'=31<;<1 Jy+ 2P=1 Jio+Joo+ Fg Where

Ju = {x | xe, = x}, Jiy = Jya(e) N Jye(ep), Lj=1,2,...,n [Z];
Jio = Jua(e) N Jyo(u) = Jyo(e) N Jya(8), Joo = Jo(u).
Note that Joo+ Fg=J1(g).
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Since J'/R’ contains no absolute zero divisors we see that the image of J;; +Jj
+J,(g) is a Jordan algebra with identity element being the sum of two primitive
orthogonal idempotents whose one spaces are division. Since every element in Ji,
is clearly nilpotent, we see that the image of Ji, is 0. So if we let R=J N R’, we see
the J/R contains no absolute zero divisors, and that J/R has an identity element
(the image of u). Hence our theorem.

CoRrOLLARY 4.8. Rad J'=Rad (F1 @ J)=Rad J.

S. Properties of the radical. If A4 is an algebra over a field of characteristic not
2, then we may define an algebra 4* having the same vector space as A but with
multiplication o’ defined by x o y=%(xy+ yx). If 4 has an involution then H(A4),
the collection of symmetric elements of 4, forms a subalgebra of 4*. No confusion
should arise if we denote this subalgebra also by the symbol H(A).

We use Jacobson’s Coordinatization Theorem and some results on isotopy for
Jordan algebras as tools in this section. See [3].

LEMMA 5.1. Let D be an algebra with identity element 1 over F and let D have an
involution ““ ~* so that H(D) is in the nucleus of D. Also let L be a left ideal of D.
Then

Q = {laul | au € H(D), 012 EL, a21 = (-112, b22 € H(D) N L, agj = 0 otherWise}

is a quadratic ideal of the Jordan algebra H(D,), n>1, where D is alternative if
n=2, 3, and associative if n= 4.

Proof. It is well known [3] that H(D,) is a Jordan algebra when D is alternative
if n=2, 3 or D is associative if n=4. Let J= H(D,), and let E;; be the matrix units
of D,. Ey1, E,,, ..., E,, are orthogonal idempotents of J such that I=3}_, E,.
Clearly Q is isomorphic to the subalgebra

{ a x
x b
of H(D,). We identify Q with this subalgebra and let

e @ and B=iy
y d

|aeH(D),xeL,beH(D)f\L}

a x
X b
One easily sees by computation that BU,=ABA € H(D,). Also (4BA),,=acx+

xypx+ayb+xdb € L and (ABA)y3=Xcx+byx+Xyb+bdb e H(D) N L. Hence Q is
a quadratic ideal of H(D,), hence of J,(E,; + E,;), and so finally of H(D,).

A= € H(D,).

THEOREM 5.2. Let 1=737_, e; inJ where the e, are primitive orthogonal idempotents.
Suppose that n=3 and the e; are connected. Then R=Rad J is nilpotent.

Proof. Since n=3 and the e; are connected, the Coordinatization Theorem [3]
tells us that there exists an algebra D with an identity element 1 and an involution
“=* such that D is associative if n=4, and is alternative with its selfadjoint
elements in the nucleus if n= 3, so that J is isomorphic to H(D,, y).
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First of all we assume thaty=1,i.e. H(D,,y)=H(D,). LetL,oL,>---DL,> .-
be a descending chain of left ideals of D. Corresponding to each L, we form a
quadratic ideal:

Qk = {Ia‘jl l au € H(D), a12 ELk, (121 = 512, (122 ELk N H(D), a‘j = 0 OtherWise}

of H(D,). So we have Q,> Q,> - --> @, is a descending chain of quadratic ideals
of H(D,). Since J has minimum condition on quadratic ideals, H(D,) does, hence
D has minimum condition on left ideals.

If D is associative, then the Jacobson radical, Rad D, is nilpotent. Hence
Rad (D,)=(Rad D), is nilpotent.

If D is alternative, then in [8] K. A. Zevlakov has shown that the Smiley radical
[7], Rad D, is nilpotent if D is of characteristic not 2 or 3. Using results of M. Slater
[6], this is true without the restriction of characteristic not 3. So when D is alterna-
tive (Rad D), is an ideal of D, and is certainly nilpotent since (Rad D)? is an ideal
of D properly contained in Rad D.

Since J~ H(D,) we have that J;;>~ H(D). If H(D)/(H(D) N Rad D) contains
nilpotent elements it must also contain absolute zero divisors, i.e. there is an
element b € H(D) so that aU, € H(D) n Rad D for all a € H(D). Suppose such an
element b e H(D) exists, and let x=h+k be an arbitrary element of D where
he H(D)and k= — k. Then (xb)® = (h+ k)bhb(h + k)b + (h + k)bkbhb + (h + k)b(kbk)b
is in Rad D since bhb and b(kbk)b are. Therefore xb is nilpotent for all x in D,
and thus Db is a nil left ideal of D since b is in the nucleus of D. Hence b must be
in Rad D and so finally H(D)/(H(D) N Rad D) contains no absolute zero divisors.
So the isomorph of N;y={x €J;; | x is nilpotent} is contained in H(D) N Rad D.
Therefore the isomorph of the ideal N of Theorem 4.2 is contained in

H(D, N (Rad D),).

Hence N is nilpotent. Now R=Rad J is 4o+ N. But R is nil and 4, + 4o+ N/N is
finite dimensional, hence A4, is nilpotent and therefore R is also.

If J is not isomorphic to H(D,) but to H(D,, y), y#1, then we know that the
isomorph £ of R in H(D,, y) is an ideal not only of H(D,, y) but also of H(D,).
In fact it is precisely the radical of H(D,). So the subalgebra of the enveloping
algebra of H(D,) generated by .# is nilpotent. But this subalgebra is identical with
the subalgebra generated by .# in the enveloping algebra of H(D,, y). Therefore .7 is
nilpotent in H(D,, y) and hence R is nilpotent.

THEOREM 5.3. Suppose N is an ideal of J, such that N3=0. Then N has finite
dimension.

Proof. If N2=0 then every element of N is an absolute zero divisor and so every
subspace of N is a quadratic ideal and so N has finite dimension.

If N2+£0, we consider the ideal N2+ N2J of J which is contained in N. N3=0
implies that every element of N2 is an absolute zero divisor and so N2 has finite
dimension since every subspace of N? is a quadratic ideal of J.
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Now let a, x € J and let n € N2. Using the Jordan identity we have 0=2(n, a, na)
+(a, a, n?)=2(na)? since na-ac N. Hence (na)’=0. Linearizing, we see that
na-nb=0 for any beJ. Also 0=(x, na, na)+(a, na, nx)+(n, na, ax)=(x-na)na
+(na-a)nx. Again 0=(n, x, na-a)+(a, x, na-n)+(na, x, na)=(na-a)nx. Hence
(x-na)na=0, so we finally have xU,,=2(x-na)na—x(na)>=0 for all ne N2 and
for all x, aeJ. Let ny, n,, . . ., n, be a basis for N2 over F. Then N2/ =n,J+n,J+
-+ - +n,J. Every element in n;J is an absolute zero divisor, and so every subspace
of mJ is a quadratic ideal. Hence »;J is finite dimensional, i=1,2,..., k, and so
N2+ N?J has finite dimension.

If N=N2+N?2J we are done. If N#N2+ N2J then under the natural homo-
morphism J—J/(N2+N2J), N goes onto N=N/(N2+N2J). But then N2=0.
Hence again N= N+ N2+ N2J has finite dimension and thus N has finite dimension.

THEOREM 5.4. If N is a nilpotent ideal of J, then N has finite dimension.

Proof. For any ideal N we construct the descending chain of ideals M, > My> - - -
by defining M, =N, and M, ,,=M3, k=1, 2,.... Since in our case N is nilpotent,
this chain properly descends and has finite length, say ¢. If t=2, i.e. My,=N3%=0,
we are done by the preceding theorem. Assume that the theorem is true for all
nilpotent ideals with chains of length less than z. In our chain M ;= M,=0 hence
M, _, has finite dimension. Under the natural homomorphism J — J/M, _, N goes
to N=N/M,_,. But the chain for N in J/M,_, has length less than ¢, so by assump-
tion N=N+ M,_, has finite dimension. Therefore N has finite dimension and we
have our theorem.

COROLLARY 5.5. If 1=37_, e, is the identity element of J and the e, are connected
with n= 3, then R=Rad J has finite dimension.

THEOREM 5.6. LetJ=J, +J,,+Jo, be the Peirce decomposition of aJordan algebra
J relative to the orthogonal idempotents e, and e,. Suppose that Ji,< Ny + N, where
N, is a nilpotent ideal of J,, i=1, 2. Then K= N, +J,2+ N, is a nilpotent ideal of J.

Proof. Clearly K is a subalgebra of J. Also B=N,+ N, is a finite-dimensional
subalgebra of J. Therefore if B* denotes the subalgebra of the multiplication algebra
generated by the right multiplications by elements of B, B* is nilpotent (see [5,
p. 95)). If Ji;=BJ,,, then J;;=B(B(- - -(BJy3)- - -))=(B*)"J,, for each k and so
J12=0 and in this case K is a nilpotent ideal of J.

If BJ,, is strictly contained in J,,, we see that K2< B+ BJ;,S K. Define KV =
K3 =K, and K9+*V=[KD]?| K,,,,=[K,]®. Then clearly K;, <K and K?<B
+(B*)Y-VJ,,-K. K is a solvable ideal and there is an ideal /#0 of J contained in
K so that I3=0. Therefore by an argument similar to that used in the proof of
Theorem 5.4 we see that K is finite dimensional and hence nilpotent.

COROLLARY 5.7. Let 1=737_1 e; with the e, primitive orthogonal idempotents, and
let Py, P,, ..., P, be the partition of {e,, ..., e,} determined by the relation *‘con-
nected.” Then if |P)| 23, i=1,.. ., k, the radical of J is nilpotent.
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